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transition are retrieved when the offsets are zero. However, a large
number of modes is required to obtain precise values.
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Moment Method Formulation of Thick Diaphragms
in a Rectangular Waveguide

Amlan Datta, B. N. Das, and Ajoy Chakraborty

Abstract—The paper presents a method of determination of the elec-
trical characteristics of two thick apertures in a rectangular wave-
guide. The coupled integral equations resulting from the boundary
condition of the magnetic field at the four interfaces are transformed
into matrix equations using method of moments. The numerical data
on reflection and transmission coefficients are evaluated. Comparison
between theoretical and experimental results is presented.

I. INTRODUCTION

The analysis of waveguide discontinuities in the form of thin and

thick apertures has been carried out by a number of workers [l]-
[4]. Marcuvitz used variational formulation for determining the
equivalent network parameters of diaphragms with zero axial thick-
ness and supplied experimental data on complex reflection coeffi-
cient for a diaphragm of thickness 0.08 cm in a rectangular wave-
guide [1]. The variational formulation was also applied to
cylindrical posts with small circular and rectangular cross-section.
The reference plane for lumped equivalent network representation
of this structure was taken as the plane of symmetry of the obstacle.
The application of this form is limited to obstacles having maxi-
mum linear dimension less than 10% of the waveguide broad di-
mension and for location with minimum distance of 30% of the
guide broad dimension from the side wall. The analysis of aper-
tures with finite axial thickness has also been carried out by Mar-
cuvitz using tbe static method [1. Sect. 8.7–8. 8]. The results are
accurate for axial thickness much greater than the aperture width.
In this case, however, the reference plane for lumped equivalent
network representation has not been properly indicated presumably

because of application of the static method. Collin has suggested a

method for determination of the parameters of the equivalent T
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network of an inductive diaphragm with finite axial thickness [2].
The analysis is based on evaluation of the eigenvalues of the
impedance matrix of the T network. In addition to some confusion
about the reference plane for the network representation. the au-
thors didn’t find the method convenient for computation. The mo-
ment method formulation has recently been applied by Scharstein
et al. [3] and Auda and Barrington [4] for thin diaphragms in cir-
cular and rectangular waveguides. The analysis of Scharstein et al.
for an iris in a circular waveguide is based on aperture field for-
mulation and of Auda et al. for thin iris in a rectangular waveguide
is based on obstacle current method. In view of the potential ap-
plication of the above structure for microwave systems. it has been

felt desirable to present a method of analysis which is free from
these limitations.

In the present work attention has been paid to evaluate the elec-

trical characteristics of thick double apertures in a rectangular
waveguide. The analysis is carried out using moment method and

aperture field formulation. The aperture field method is used in lieu
of obstacle current method because of the following advantages.
The application of aperture field method permits use of entree do-

main sinusoidal basis function which gives a faster convergence
than the subsectional basis function used in obstacle current
method. The application of Galerkin’s technique leads to a sym-
metric moment matrix which reduces the computation time appre-
ciably. Same formulation can be applied to both inductive as well
as capacitive obstacles.

The rectangular aperture with finite axial thickness has been rep-
resented as a short rectangular waveguide. The axial thickness is
accounted for by introducing higher order waveguide modes in the
short waveguide connecting the input and output region [5]. The

expressions for the magnetic field generated due to the aperture
fields in the two interfaces are derived using modal expansion
method [6, Sect. 4.9]. The coupled integral equations resulting

from the boundary condition of the magnetic field at the four in-

terfaces are transformed into matrix equation using Galerkin’s
method. The comparisons between the theoretical results is pre-

sented. Theoretical and experimental data are also determined for
a single aperture for the sake of comparison with those presented
by Marcuvitz.

II. ANALYSIS

Fig. 1(a) shows the cross-sectional view of a rectangular wave-
guide containing two apertures. The longitudinal-sectional view of
the same is shown in Fig. 1(b).

For the purpose of analysis the apertures are considered as sec-
tions of waveguides as shown in Fig. 1(b). The modes existing in
the two apertures are assumed to be of the type TEO,(i = p, q) [5].

Using modal expansion formulation suggested by Barrington [6,
Sect. 4.9], the expressions for the back scattered (z s – t/2) and
forward scattered (z > t/2) magnetic field at z = – t/2 and z =

t/2 are expressed as

Hl(eP) = Vn [sine {RnP(vvl)} cos {S.P(cl)}

—
(‘)

sine {T.fl(wl)} cos {U.p(CI)}l sin ~

H,(eq) = Vn [sine {R.,(wz)} cos {~nq(cz)}

()

y— sine {T.q(w2)} cos {U,,q(c2)}l sin ~

ffc(ep) = –Hz(ep) and ff,,(e~) = –H,(eq)

(1)

(2)

(3)
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Fig.1. (a) Cross-sectional view of the two thick apertures in a rectangular
waveguide. (b) Longitudinal-sectioual view of the same structure. (c)
Equivalent T network represented at the plane of symmetry,

where

Rnp(w) = {7rw(rr/b – p/w)/2}

S.,(c) = {mrc/b – p7r/2}

T.,(w) = {mw(n/b + p/w)/2}

U.P(c) = {n~c/b + p7r/2}. (4)

Considering the incident and reflected waves in the waveguide

sections having dimensions those of the apertures (designated as a
stub waveguide), the boundary conditions at the different interfaces

are given by

$ A~[YPeP - H,p(ep)l~=1

= ,~, A;[yPep + HJeJl + ,$, E; HtJeJ

N

+ ~~, ~~ H,q(eq) + zH~ (at interface I)

~ E~[Y,e, – Hlq(eq)l~=1

= ,2, %[u,e, + Hi&eJl + ,~, A; H,.(ep)

M

+ ~~1 A ~ H,p(ep) + 2H~ (at interface II)

~ l?; [Y, e, – H.p(ep)l~=j

= ~~, % [Ypep + Hop(ep)l + ,~, F; Hoq(eq)
N

+ ~~1 F; ILq(eq) (at interface III)

(5)

(6)

(7)

i FJ[Yqeq - Hoq(eq)]
~=1

= ,$,W’,e, + H.JeJl + ,~, B; H,,,(e,)
M

+ ~~, ~j H,,p(ep) (at interface IV), (8)

In the above equations, the basis functions ep and eq are given

by

[(sinpx y– c1 +U
)

forcl–~sy<cl+~
w, 2

ev =
(0, elsewhere,

(9)

in the first stub waveguide, and O < x s a,

(0, elsewhere,

(lo)

in the second stub waveguide and O 2 x < a.
Ypand Yqare the modal admittances of TEOI (i = p, q) modes in

the first and second stub waveguide, respectively.

The column matrices (B+, A+), (A-, B-), (F+, E+) and

E -, F‘) representing the forward and backward waves in first and

second stub waveguide are related by diagonal matrices whose di-
agonal elements are given by [5]

at first and second stub waveguide, respectively.
Using these relations and taking the inner product of (5) and (7)

with e, (obtained on replacing p by r) and (6) and (8) with e, (ob-
tained on replacing q by s), following matrix equations relating the
above column matrices are obtained:

[L;] [A+] + [Lj] [A-] + [L\] [E+] + [L!][E-] = [G~] (11)

[.Lj][A+] + [Lj] [A-] + [L:][E ‘] + [L&][E ‘] = [G~] (12)

[L~][A+] + [L;][A-] + [L:][E ‘] + [L:][E ‘] = [0] (13)

[L:][A+] + [L:][A-] + [L;][E ‘] + [L:][E ‘] = [0]. (14)

The expressions for the elements of the column matrix G ~ and
G~ as well as other matrices [L;] (j = 1 . . . 6) and [L;] (j = 1

“ 00 8) are obtained from the inner products mentioned above.
The matrix elements contained the propagation constants

(TOP,D-roq) as well as characteristic admittances (Yp, Yq) for TEo,(i
= p, q) modes inside the stub waveguides, the expressions for
which are given by
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(17)

(18)

Substitutingrr = 1 in(l)-(4), the expressions for the dominant

mode back scattered (z s –f/2) (H~i) and forward scattered

(z 2 t/2)(H~1) magnetic field areobtained intermsof the known
complex amplitude coefficients. From theknown value of the back-
scattered and forward scattered magnetic field the numerical value
of reflection and transmission coefficient is evaluated using the fol-
lowing relations

“01
r=–1.o+*

T=~.

(19)

(20)

The elements of the equivalent lumped network represented at

the plane of symmetry, as shown in Fig. 1(c), are given in terms
ofr and Tas [7, Sec. 4.7]

l+r– T

“=l-r+T
(21)

2T

“=(l-r+T)( l-r-T)
(22)

In the case of a single aperture, one of the stub waveguide dis-
appears and the number of matrix equation reduces to two instead
of four [5]. Evaluation of r, T, z,, and Z2 follows accordingly.

III. NWMERICALAND EXPERIMENTAL RESULTS

Using (1)-(14) the complex amplitude coefficients are evaluated
over the frequency range 8.0 to 11.0 GHz at interfaces I, II, III

and IV for aperture parameters WI = 0.746 cm, W2 = 1.210 cm,

c1 = 0.373 cm, Cz = 1.681 cm, t = 0.32 cm and 0.638 cm and

waveguide dimensions a = 1.016 cm and b = 2.286 cm. The re-
sults are found to converge for the number of basis functions M =

N = 5 and waveguide modes ranging to m = O and n = 50. Sub-
stituting the computed values of the amplitude coefficients into
(19)-(20) the complex reflection and transmission coefficients are
evaluated. Marcuvitz presented theoretical results for the equiva-
lent T network of a centered as well as offset post with rectangular
cross-section. Such a structure can be regarded as a combination
of two thick apertures. For a post with rectangular cross-sectional
dimension d‘ = 0.33 cm and d“ = 0.32 cm and 0.638 cm and
axis located at a distance of 0.911 cm from the waveguide wall,
the corresponding aperture parameters are same as those mentioned
above. The theoretical data on the magnitude of the transmission
coefficient evaluated using the present method are compared with
the data calculated using the equivalent circuit elements given by
Marcuvitz. The data evaluated by both methods are presented in
Fig. 2(a) fort = 0.32 cm and in Fig. 2(b) fort = 0.638 cm together
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Fig.2. Variation of the magnitude of transmission coefficient of two thick
apertures in a rectangular wavegulde with frequency. (a) For aperture
thickness of 0.32 cm. i ~ Present method. u + Result obtained using
Marcuvitz’s formula. Iii ~ Experimental curve. (b) Same curves for ap-
erture thickness of 0.638 cm.

with the corresponding experimental data obtained using HP Net-

work Analyzer setup for the sake of comparison.
Computations on the magnitude of transmission coefficient are

carried out for a single aperture w] = 1.0 cm, Wz = 0.0, c1 = 1.3
cm and t= 0.32 cm and 0.638 cm over the frequency range 8.0 to
11.0 GHz using the present method. The theoretical data together

with the corresponding experimental data are presented on Fig. 3(a)
for t = 0.32 cm and Fig. 3(b) for t = 0.638 cm for the sake of
comparison.

Using (21) and (22) the equivalent T network parameters are
evaluated for w, = 1.1 cm, W2 = 1.1 cm, c, = 0.55 cm, Cz =
1.736 cm and t = 0.05 cm over the frequency range 8.0 to 11,0
GHz. These aperture data correspond to a centered post of rectan-
gular cross-section having d‘ = 0.086 cm and d“ = 0.05 cm. The
equivalent network parameters are therefore evaluated using the
formulation developed by Marcuvitz. The numerical results ob-
tained following the present method as well as those of Marcuvitz
are presented in Fig. 4(a) and Fig. 4(b) for the sake of comparison.

IV. DISCUSSION

The results presented in Fig. 2(a), and (b), 3(a) and (b) reveal
that there is a good agreementbetween theoretical results evaluated
by present method and experimental results. This agreement jus-
tifies the validity of the analysis. It is also found from the data
presented in Fig. 2(a) and (b) that the results obtained following
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Fig. 3. Variation of the magnitude of transmission coefficient of a single
thick aperture in a rectangular waveguide with frequency. (a) For aperture
thickness of 0.32 cm. i + Present method, il + Experimental curve. (b)
Same curves for aperture thickness of 0.638 cm.

the formulation suggested by Marcuvitz shows a considerable de-

viation which increases with increasing frequency. The same trend
is also observed for the equivalent network parameters presented
in Fig. 4(a) ,and (b). It is therefore concluded that the moment
method formulation used in the present work yields more accurate

results as compared to the variational formulation. This may be
ascribed to the inclusion of the effect of the higher order modes in
the stub waveguide which the variational method does not permit.
It is worthwhile to poitwout that the moment method formulation
used in the present paper takes into account the mutual interactions
between the interfaces 1 and II as well as 111and IV. The method
can also be extended to the case of multiple apertures.

REFERENCES

[1] N. Marcuvitz, Wa.eguide Handbook. New York: Dover, 1965.
[2] R. E. Collin, Field Theory of Guided Waves. New York: McGraw-

Hill, 1960.
[3] R. W. Scharstein and A. T. Adams, ‘‘Galerkins solution for the thin

circular iris in a TEI ,-rnode circular waveguide, ” IEEE Trans. Micro-
wave Theory Tech., vol. 36, pp. 106-113, 1988.

[4] H. Auda and R. F. Hmrington, ‘‘Inductive posts and diaphragms of
arbitraxy shape and number in a rectangular waveguide, ” IEEE Trans.
Microwave Theory Tech., vol. MTT-32, pp. 606-613, 1984.

[5] B. N. Das, P. V. D, S. Rae, and A. Chakraborty, “Narrow wall axial-
slot-coupled T junctlorl between rectangular and circular waveguide, ”
IEEE Trans. Microwave Theory Tech., vol. 37, pp. 1590-1596, 1989.

-3,5 xltj3

m
I.Ll

tz~Ld
*U

a~

:Z
ya

s:
K

z

-8.5x1 ~3 ),, , ,1,,,,1,,,,1,,,,1,,,, [,, , ,1,,,,1,,,,!,,,,

8.0 11.0

“.* ~
8.0 11,”

FREQUENCY [GHz)+

(b)

Fig. 4. Variation of the normalized equivalent circuit elements for a cen-
tered post of rectangular cross-section with frequency. (a) Plot of normal-
ized series element z,. i -+ Present method. ii + Result obtained using
Marcuvitz’s formula. (b) Same curve for normalized shunt element Z2.

[6]

[7]

1?. F. Barrington, Time-Harmonic Electromagnetic Fields. New
York: McGraw-Hill, 1961.
R. E. Collin, Foundations for Microwave Engineering. Tokyo:
McGraw-Hill Kogakusha Ltd., 1966.

Complex Images of an IElectric Dipole in
Homogeneous and Layered Dielectrics

Between Two Ground Planes

J. J. Yang, Y. L. Chow, G. E. Howard, and D. G. Fang

Abstract—Inthispaper,simpleclosedform expressionsarederived
for thevectorand scalarpotentialsof a horizontalelectricdipolein
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